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Problem set 6

1. Give an example to show that the conditions of integrability and σ-finiteness cannot be
dropped in Fubini’s Theorem.

2. Let (X,F , µ) and (Y,G, ν) be two σ-finite spaces. Let f : X → R be F -measurable and
g : Y → R is G-measurable. Show that h : X×Y → R defined by h(x, y) = f(x)g(y) is F ×G
measurable.

3. Let (X,F) be measurable space and f : X → R is measurable function. Define

V ∗(f) = {(x, y) ∈ X × R, 0 ≤ y ≤ f(x)}

and
V∗(f) = {(x, y) ∈ X × R, 0 ≤ y < f(x)}.

Prove

(a) If f ≥ 0 and simple, then V ∗ and V∗ are measurable in X × R.

(b) V∗(fn) ↑ V∗(f) if fn ↑ f . If fn ↓ f ≥ 0, then V ∗(fn) ↓ V ∗(f).

(c) If f ≥ 0, show that V ∗, V∗ are measurable in X × R.

(d) Let G(f) = {(x, y) : f(x) = y} is the graph of f . Show that G(f) is measurable in
X × R.

(e) If µ is the Lebesque measure on R, ν is the σ-finite measure on (X,F). Assume f ≥ 0.
Show that µ× ν(V∗(f)) = ν×µ(V ∗(f)) =

∫
fdµ. (This is a more precise formulation of

the notion that the integral is the area under the curve.)

4. Use Fubini’s Theorem and other theorems on integration to integrate i)

∫
R
ex

2

dx =
√
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ii) lim
N→∞

∫ N

0
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x
=
π
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x
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0
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5. i) Let ai,j be sequence of non-negative numbers, use Fubini’s Theorem (Define appropriate

measure spaces) to show that
∞∑
j=1

∞∑
i=1

ai,j =
∞∑
i=1

∞∑
j=1

ai,j.

ii) Let ai,j be any double sequence such that
∑
i,j

|ai,j| < ∞, then also prove that the above

equality.

6. Let X = Y = R, µ = ν =Lebesque measure. Then µ × ν is the two dimensional L-measure
on R× R, denote by dxdy for d(µ× ν)

i) Let E ⊂ R measurable, show that σ(E) = {(x, y) : x− y ∈ E} is measurable in R2. (Hint:
Prove it for open sets, Gδ sets, sets of measure zero and finally for general measurable sets.)

ii) Let f, g are measurable on R. Show that F (x, t) = f(x− t)g(y) is measurable in R2.

7. If g is measurable on [0,1], show that f(x, y) = f(x) − g(y) is measurable on [0, 1] × [0, 1].
Further, show that if f is integrable on [0, 1]× [0, 1], then g is integrable on [0,1].
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